In this article, we obtain a compactness theorem of flat SL(2, C)-connections by using a compactness theorem of Vafa-Witten equations proved by Tanaka [7] . We also using the compactness theorem to study the topology property of the moduli space of flat SL(2, C)-connections.
Introduction
Let X be a oriented n-manifold endow with a smooth Riemannian metric, g. Let P be a principle bundle over X with structure group G. Supposing that A is a connection on P , then we denote by F A its curvature 2-form, which is a 2-form on X with values in the bundle associated to P with fiber the Lie algebra of G denoted by g P . We define by d A the exterior covariant derivative on section of Λ • T * X ⊗ (P × G g P ) with respect to the connection A. The curvature F A of the complex connection d A := d A + √ −1φ is a two-form with values in P × G (g C P ):
The complex Yang-Mills functional is then written as, one also can see [3] ,
The Euler-Lagrange equations for this functional are
These can also be succinctly written as,
There equations are not elliptic, even after the real gauge-equivalence, so it is necessary to add the moment map condition, d * A φ = 0.
We called A = A + √ −1φ is a complex flat connection with the moment map condition, if (A, φ) satisfies
In [2] , the Proposition 2.2.3 shows that the gauge-equivalence classes of flat G-connections over a connected manifold, X, are in one-to-one correspondence with the conjugacy classes of representations π 1 (X) → G. In [8] , Taubes studied the Uhlenbeck style compactness problem for SL(2, C) connections, including solutions to the above equations, on three-, four-manifolds (see also [8, 9, 10] ). Now, we denote the moduli space of solutions of complex flat connections by
In particular, the moduli space M(P, g) can be embedded into M(P, g) via A → (A, 0), where M(P, g) := {Γ : F Γ = 0}/G P , is the moduli space of gauge-equivalence class [Γ] of flat connection Γ on P . From [12] , Uhlenbeck compactness theorem shows M(P, g) is compact. We consider the flat SL(2, C) connections on three-manifolds. Let Y be an oriented Riemannian 3-manifold with a principal bundle P → Y . It's easy to see the set of solutions of complex flat connections (1.1) with Y |φ| 2 ≤ K is compact. Since we have no estimate of the form |φ| 4 ≤ C|φ ∧ φ|, so F A does not bound φ. In our article, We will show that the set of solutions of complex flat connections with
under some conditions of principal bundle P . There are many combinations of conditions on G, P , X and metric g imply that ker ∆ Γ | Ω 1 (X,g P ) = {0} when A is flat connection, Donaldson introduced the Definition 1.1. ([1] Definition 2.4) Let G be a compact Lie group, P be a G-bundle over a closed, smooth manifold X of dimension n ≥ 2 and endowed with a smooth Riemannian metric, g. The flat connection, Γ, is non-degenerate if
Hence, the main observation of this article can be stated as follows. 
In particular, the set of solutions of flat SL(2, C) connections
We using the compactness theorem to study the topology for the moduli space of flat SL(2, C) connections. 
is divergent with no finite limits, then the sequence φ i L 2 (X) is also is divergent with no finite limits. One can see [10] Theorem 1.1a. The organization of this paper is as follows. In section 2, we first recall that a compactness theorem of Vafa-Witten equations proved by Tanaka [7] . In section 3, we observe that a flat SL(2, C) connection on compact 3-fold Y is one-to-one correspondence to a S 1 -invariant Vafa-Witten equations on Y ×S 1 . Due to Tanaka's compactness theorem, we can proved a compactness theorem of flat SL(2, C) connections. At last section, we obtain a topology property of the moduli space of flat SL(2, C) connections by the compactness theorem.
Vafa-Witten equations
In this section, we recall a compactness theorem of Vafa-Witten equations which proved by Tanaka [7] . At first, we begin to defined the Vafa-Witten equations. One also can see [14] . The moduli space of solutions to the equations is expected to produce a possibly new invariant of some kind. The equations were also considered by Haydys [4] and Witten [15] . Mares studied analytic aspects of Vafa-Witten equations in [5] . We do not have an uniform L 2 -bounded on the curvature F A of the connection and the L 2 -norm of B which the pair (A, B) satisfies the Vafa-Witten equations. We have a energy identity, (one also can see [5] Section 2.1. and [7] )
where ⊙ denotes some bilinear operation on For a sequence of connections {A i } on P , Tanaka defined a set S({A i }) as follow:
where ε 0 is a positive constant is defined as in [7] . This set S({A i }) describes the singular set of a sequence of connections {A i }. In [7] , Tanaka observe that under the particular circumstance where the connections are non-concentrating and the limiting connection is non-locally reducible, one obtains an L 2 -bounded on the extra fields. 
The following is an analogue of the second part of Theorem 1.1. in [11] , but under the assumption that {S(A i )} is empty. 
Assume that the sequence {r n } i∈N has no bounded subsequence. Then there exist a closed, nowhere dense set Z ⊂ X, a real line bundle 
The bundle I over X − Z extends to a bundle defined over all of X, which we again denote by I, (3) There exist extensions of both v ∈ Γ(I × Ω 2,+ ) and σ ∞ : I → g P to all of X. We again denote these by v and σ ∞ . The extensions satisfying dv = 0 and ∇ A∞ σ ∞ = 0.
Flat SL(2, C)-connections
In this section, at first, we recall the equivalent characterizations of flat bundles ([6] Section 1.2), that is, bundles admitting a flat connection. Let P be a smooth principal Gbundle over a smooth manifold X with G being a Lie group. Let {U i } be an open cover of X with local trivializations 
Let Y be an oriented Riemannian 3-manifold with a principal bundle P → X. Let X = Y × S 1 with the product metric and coordinate θ. We pulls back a connection A on
We define a setcion B ∈ Γ(X, Ω 2,+ × g p * 1 (P ) ) as follow 
In a direct way, we compute 2F Proof. For a point (y 0 , θ 0 ) ∈ Y × S 1 , the geodesic ball
It follows that F
+ A + 1 8 [B.B] = (1 + * X )(F A − 1 2 [φ ∧ φ]) = 0. An other equation: d +, * A B = * Y d A φ − e 0 ∧ d * A φ = 0.B r (y 0 , θ 0 ) := {(y, θ) : |y − y 0 | 2 g Y + |θ − θ 0 | 2 < r 2 } ⊂ (−r + θ 0 , r + θ 0 ) × B r (y 0 ).
Hence, we have
We can choose r sufficiently small such that We can prove a compactness theorem about flat SL(2, C) connections with the curvatures have a bounded in L 2 -norm.
Proof Main Theorem 1.2
Proof. Let (A i , φ i ) be a sequence solutions of flat SL(2, C) connections over Y . For simplicity we keep the same notation for objects on Y and their pullbacks to X. We denote
} i∈N has no bounded subsequence, i.e. B i L 2 (X) also has no bounded subsequence. Then form [7] Proposition 4.6, there exist a section ν ∈ Γ(I ⊗Ω 2,+ ), a smooth anti-self-dual connection S 1 -invariant A 0 on p * 1 (P ) and σ 0 : I → g P all over X. Their satisfy dν = 0 and ∇ A 0 σ 0 = 0. Then, we have d
We using the fact ker ∆ A 0 | Ω 1 (Y,g P ) = 0, hence φ 0 is vanishes i.e.
ν ⊗ σ 0 = 0.
Let I, σ ∆ and A ∆ as described in [7] Proposition 4.4. So that, form the item 1 in [7] Proposition 4.6, there exist a continuous Sobolev-class L 2 2 gauge transformation g 0 defined over
. The zero locus of the extension of |ν| is the set Z. And we can set σ ∆ is a unit length, A ∆ -covariantly constant homomorphism over X − Z. Hence, we can say |ν| = 0 on X.
On the other hand, from the last item on [7] Proposition 4.4, there exist a subsequence Ξ ⊂ N and a sequence {g i } i∈Ξ of automorphisms from P such that
Hence lim
Now, we consider the 3-dimensional manifold with homology S 3 . We have a useful 
Proof. Every principal SU(2) bundle P on Y is isomorphic to the trivial bundle P ∼ = Y × SU(2). Hence 
1). If the curvatures F
Then there is a subsequence of Ξ ⊂ N and a sequence gauge transformations
4 Non-connected of the moduli space M(P, g)
Identities for the solutions
This section, we recall some basic identities that are obeyed by solutions to complex Yang-Mills connections. A nice discussion of there identities can be found in [3] . In particular, the solutions of complex flat connections are also satisfy the complex Yang-Mills connections.
Theorem 4.1. (Weitezenböck formula)
where Ric is the Ricci tensor. 
Decoupled complex flat connection
We definition a special case of the complex flat connections.
Definition 4.4. (Decoupled complex flat connections) Let G be a compact Lie group, P be a G-bundle over a closed, smooth manifold X of dimension n ≥ 2 and endowed with a smooth Riemannian metric, g. We called a pair (A, φ) consisting of a connection on P and a section of Ω 1 (X, g P ) that obeys decoupled complex f lat connection if
We called the pair (A, φ) is satisfies coupled complex flat connection unless A is flat connection.
We observe that there is a uniform positive lower bounded for the L 2 -norm of extra fields if the pair (A, φ) is satisfies non-decoupled complex flat connection on a principal G-bundle over a compact n-manifold with dimensional 2 ≤ n ≤ 4. 
At first, we review a key result due to Uhlenbeck for the connections with L p -small curvature (2p > n) [13] which provides existence a flat connection Γ on P , a global gauge transformation u of A to Coulomb gauge with respect to Γ and a Sobolev norm estimate for the distance between Γ and A. 
then there exist a flat connection, Γ, on P and a gauge transformation
Proof Theorem 4.5
Proof. Suppose the constant δ does not exist. Then for 2 < p < ∞, we can choose δ small enough such that
where ε is the constant in Theorem 4.6. Then there exist a flat connection Γ such that
We also denote (g * (A), g * (φ)) to (A, φ). Using the Weitezenböck formula, we have
and
From (4.3) and (4.4), we can obtain two integral inequalities
We also have an other integral inequality
From (4.5)-(4.7), we have
We can choose φ L 2 (X) ≤ δ sufficiently small such that Cδ 2 ≤ 1, then
It's contradiction to the pair (A, φ) satisfies coupled flat SL(2, C) connections. ) for the equivalence class of a pair (A, φ), a point in M(P, g). We set,
, is preserved by the action of G P , so descends to define a distance function on M(P, g):
We assume the flat connection on P is non-degenerate, hence if the pair (A, φ) is the solution of Decoupled complex flat connections over a compact Riemannian 3-dimensional manifold, the extra fields are vanishing. We can denote
by the distance between M(P, g) and M(P, g)\M(P, g). From Theorem 4.5, the extra filed has a positive uniform lower bounded. Then, we can obtain a topology property about the moduli space M(P, g). Proof. From the Theorem 4.5, we obtain that either φ L 2 (X) has a lower bound or φ is zero. Since the map
) is non-empty and M(P, g)\M(P, g) is also non-empty, then the moduli space M(P, g) is not connected. Proof. Suppose that there exists a sequence {(A i , φ i )} i∈Ξ , such that F A i L 2 (X) → 0 as i → ∞. One can see sup F A i L 2 (X) < ∞, then from the compactness Theorem 1.2, then there exist a pair (A ∞ , φ ∞ ) obeys the equations (1.1). And there is a sequence gauge transformations {g i } i∈N such that
Then the L 2 -norm of extra field φ ∞ also has a positive lower bound, since
On the other hand, since F A i L 2 (X) → 0, we also can see the connection A ∞ on P is flat. Since we assume A ∞ is non-degenerate, then the extra fields φ ∞ ≡ 0. Its contradiction to φ ∞ L 2 (X) has a uniform positive lower bound. We complete the proof.
Proof Theorem 1.3
Proof. Next, we give a priori estimate for the curvature. Since
1 (X) , The last inequality, we used the Sobolev embedding L Combining the preceding inequalities yields
We setε := min{1, 
